We prove existence and orthogonality of wave operators naturally associated to a compatible Laplacian on a complete manifold with corner of codimension 2. In fact, we prove asymptotic completeness i.e. that the image of these wave operators is equal to the space of absolutely continuous states of the compatible Laplacian and we achieve this last result using time dependent methods coming from many-body Schrödinger equations.
Introduction
This paper explains how to use analytic tools to attack problems of quantum scattering theory naturally associated to a geometric Laplacian, at the same time that makes explicit the interactions between the geometry of the manifold and the quantum dynamics of such Laplacian.
Classical mechanics intuition tells us that the time-asymptotic behavior of n-particles interacting with a pairwise potential of short range will be described by clusters whose mass centers do not "feel" each other. In the papers [SS87] and [SS90] it was proved that a similar phenomenon occurs in quantum mechanics for many-particle Schrödinger operators with short range potentials. These proofs were time-dependent and geometric in nature, and they were firstly developed in the papers [Gra90] and [Yaf93] . In this paper we prove asymptotic completeness for compatible Laplacians on complete manifolds with corners of codimension 2 (abbrev. c.m.w.c.2) by adapting the proof of [Yaf93] as explained in [HS00a] .
The motivation to study these manifolds is the same as in [Can11] and [Can12] : they work as toy models for understanding singularities as those that appear on symmetric spaces of rank greater than 0; they are a natural examples of complete manifolds whose spectral theory is well known, since they are a natural geometric generalization of the Cartesian products of complete manifolds with cylindrical ends. This last class of manifolds is very important in the study of the index theorems of the seminal paper [APS75] and we believe that a deeper understanding of the spectral theory of compatible Laplacians on c.m.w.c.2 (see section 1.1) will provide light on the nature of the generalization of such theorems, specifically in order to complete the method applied in [Mül96] . Generalizations of the index theorems of [APS75] were obtained in [HMM97] using surgery methods, we believe that its formulas are related to our scattering operator (see (34)). Finally, our study shows a clear analogy between many-particle Schrödinger and the compatible Laplacians on c.m.w.c.2, this analogy provides a deeper understanding of the geometric nature of the spectral theory of the first-mentioned operators.
The literature about quantum scattering theory on open manifolds is large. For that reason we restrict our bibliography to some recent papers on the subject, where the reader can find references to classic or basic articles, or to papers that we consider directly related to the topics of this paper. Papers on quantum scattering theory on manifolds with cylindrical ends are in [GPS05] , [MS10] and [RTdA11] ; on manifolds asymptotically Euclidean in [Mel94] ; on Sl(3)/SO(3) in [MV07] ; on homogeneous spaces associated to finite groups on [BO08] ; connections between scattering theory on compact asymptotically Einstein manifolds and conformal geometry are studied in [GZ03] ; quantum scattering theory on more abstract open manifolds can be found in [Car02] and [MS07] . Relations between the geometry of manifolds with corners and the quantum dynamics of many-particle Schrödinger operators has been treated also in [Vas03] but the topics are different to ours, and in particular the operators studied there are many-particle Schrödinger operators that, mainly, are perturbations via potentials of the Laplacian on IR n , here we treat perturbations associated to the geometry and not to a potential. In [Mül96] the spectral theory of compatible Laplacians on c.m.w.c.2 is studied near 0 under the hypothesis that the compatible Laplacian on the corner has kernel 0, in this paper we complete such study eliminating the hypothesis and studying the whole spectrum of the compatible Laplacians.
Compatible Laplacians on complete manifolds with corners of codimension 2
Following [Mül96] , we explain the notions of compact and complete manifolds with corner of codimension 2 as is done in [Can11] and [Can12] . Let X 0 be a compact oriented Riemannian manifold with boundary M and suppose that there exists a hypersurface Y of M that divides M in two manifolds with boundary M 1 and M 2 , i.e. M = M 1 ∪ M 2 and Y = M 1 ∩ M 2 . Assume also that a neighborhood of Y in M is diffeomorphic to Y × (−ε, ε). We say that the manifold X 0 has a corner of codimension 2 if X 0 is endowed with a Riemannian metric g that is a product metric on small neighborhoods, M i × (−ε, 0] of the M i 's and on a small neighborhood Y × (−ε, 0] 2 of the corner Y . If X 0 has a corner of codimension 2, we say that X 0 is a compact manifold with corner of codimension 2. From the compact manifold with corner X 0 we construct a complete manifold X. Let
where the bottom {0} × Y of the half-cylinder is identified with ∂M i = Y . Then Z i is a manifold with cylindrical end. Define the manifolds
Observe that W i is an n-dimensional manifold with boundary Z i that can be equipped with a Riemannian metric compatible with the product Riemannian metric of IR + × M 2 and the Riemannian metric of X 0 . Set:
where we identify {0} × Z i with Z i , the boundary of W i .
Figure 2. Sketch of a complete manifold with corner of codimension 2.
The picture above is an sketch, in particular the lines that enclose the picture should not be thought as boundaries. Let T ≥ 0 be given and set
where {0} × Y is identified with Y , the boundary of M i . Z i,T is a family of manifolds with boundary which exhausts Z i . Next we attach to X 0 the manifold [0, T ]×M 1 by identifying {0}×M 1 with M 1 . The resulting manifold W 2,T is a compact manifold with corner of codimension 2, whose boundary is the union of M 1 and Z 2,T . The manifold X has associated a natural exhaustion given by
where we identify Z 2,T with {0} × Z 2,T .
Figure 2. X T , element of the exhaustion of X.
For each T ∈ [0, ∞), X has two submanifolds with cylindrical ends, namely
Let E be a Hermitian vector bundle over a c.m.w.c.2, X. Let ∆ be a generalized Laplacian acting on C ∞ (X, E). The operator ∆ is a compatible Laplacian over X if it satisfies the following properties:
i) There exists a Hermitian vector bundle E i over Z i such that E| IR + ×Z i is the pullback of E i under the projection π : IR + × Z i → Z i , for i = 1, 2. We suppose also that the Hermitian metric of E is the pullback of the Hermitian metric of E i . On IR + × Z i , we have
where ∆ Z i is a compatible Laplacian acting on C ∞ (Z i , E i ).
ii) There exists a Hermitian vector bundle S over Y such that E| IR Examples of compatible Laplacians are the Laplacian acting on forms and Laplacians associated to compatible Dirac operators (see [Mül96] ), they satisfy conditions i) and ii) because of the product structure of the Riemannian metric on the submanifolds Y × IR 2 + and Z i × IR + . Since X is a manifold with bounded geometry and the vector bundle E has bounded Hermitian metric, the operator ∆ :
Remark 1 If j, k ∈ {1, 2} and j = k, then we recall that u j denotes the coordinate in IR + in the cylinder Y × IR + in the complete manifold with cylindrical end Z k .
Definition 1
• Let H and H (i) be the self-adjoint extensions of ∆ :
• Let b i be the self-adjoint extension of −
obtained by imposing Dirichlet boundary conditions at 0.
• Let H i be the self-adjoint operator
• Let H (3) be the self-adjoint operator associated to the essentially selfadjoint operator
• The operators H i are called channel operators for i = 1, 2, 3.
The self-adjoint operators H 1 and H 2 have a free channel of dimension 1 (associated to b 1 and b 2 , respectively); the operator H 3 has a free channel of dimension 2 (associated to
In some parts of this text we abuse the notation and denote by H, H i , and H (i) the Laplacians acting on distributions and the self-adjoint operators previously defined.
It is known that the compatible Laplacian
ac (Z k , E) associated to pure point states and absolutely continuous states (see [Gui89] [Hus05]). We have
, that together with H will define important wave-operators in this paper. We notice that the operators H k,pp and H (k) pp are different operators, they act in different Hilbert spaces, in fact, H k,pp has only absolutely continuous spectrum, and H (k) pp has only pure point spectrum.
Similarly, we define the self-adjoint operators
The operators H k,ac together with H will define important wave-operators in section 3.
Main results

Our first result is:
Theorem 1 1) The following strong limits exist:
2) The images of the operators W ± (H, H 1,pp ), W ± (H, H 2,pp ) and
are pairwise orthogonal.
3) Ω ± is unitary.
We call the operators defined in parts 1) and 2) of theorem 1 wave operators.
Definition 2 We say that the wave operators,
and Ω ± , are asymptotic complete if and only if for all ψ ∈ L 2
Our second result is:
Theorem 2 The wave operators
and Ω ± are asymptotic complete.
In section 2 we introduce a version of Ruelle's theorem that we consider the basic result to motivate our study; theorem 1 is proved in section 3 using stationary phase methods. We prove theorem 2 in section 5 based on the methods of [Yaf93] .
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Ruelle's theorem
In this section we formulate Ruelle's theorem in the context of compatible Laplacians on complete manifolds with corner of codimension 2, our intention is to provide the reader with the first relation between the quantum dynamics of the compatible Laplacian and the geometry of X. Let A be a self-adjoint operator acting on a Hilbert space H . We denote H pp (A) the subspace spanned by all eigenvectors of A, and
−1 is a compact operator, for any compact subset K of X, (5)
where χ K is a smooth characteristic function of K. Then:
where χ T denotes the characteristic function of X T the compact manifold with corner of codimension 2 defined in 2).
It follows from classical results in global analysis (see for example [Shu91] ) that H satisfies (5). Then, intuitively, theorem 3 implies that the absolutely continuous states associated to H are escaping of compact sets as t → ∞, theorems 1 and 2 describe more deeply the asymptotic behavior of this escape.
Existence of the wave operators
In this section we prove part 1) of theorem 1 using the following lemma of abstract scattering theory and stationary phase methods. 
Then:
We begin with the proof of the existence of
We will show that we can apply lemma 1 taking J = κ k , B 0 = H k,pp and B = H. It is easy to see that κ k takes Dom(H k,pp ) into Dom(H). Let us denote S ((0, ∞)) the set of functions of (0, ∞) whose derivates decrease faster than any polynomial and such that all their derivatives at 0 are equal to 0. We take
The set D 0 is dense in Dom(H k,pp ).
To prove (7) of lemma 1 observe that
Let 2a := inf
Observe that a, b are greater than 0. From the stationary phase methods used in [RS79, page 42] one can deduce,
and
To estimate
Then we can apply again the methods of [RS79, page 42] as above and lemma 1 to get the existence of W ± (H, H k,pp , κ k ). 
It is easy to see that (8), (9), (10), (11), and (12) generalize and we can apply lemma 1 to prove the existence of W (H, H 3 , κ 1 κ 2 ) and W (H, H k,ac , κ k ).
Finally there are natural generalizations of proposition 1 that prove the existence of W (H, H 3 ) and W (H, H k,ac ). The existence of W ± (H 1,ac , H 3 ) follows from the existence of W ± (H (1) ac , b 2 + H (3) ) (see [Gui89] ) and the following equality
Orthogonality of the wave operators
We prove part 2) of theorem 1.
4.1 Orthogonality of W (H, H 1,pp ) and W (H, H 2,pp )
In this section we prove that for all f k ∈ L 2 (Z k × IR + , E), k = 1, 2, the following equality holds
We observe that
hence, equation (13) is proved if we have the following lemma.
Proof: By continuity of the bilinear form
it is enough to prove the lemma for the dense set of functions of the form
We use the following fact that can be found in [RS75, theorem IX-31]:
In the next calculation we use the notation given in definition 1 and below and explained in remark 1,
By Cauchy-Schwartz theorem and (14), we deduce that the first two terms on the right of (15) tend to 0 when t tends to ∞. This implies that to finish the proof of lemma 2 we have to prove that
tends to 0 when t → ∞. After a change of variables
Recall that ϕ k has the following Fourier expansion in terms of a spectral resolution,
for k, j ∈ {1, 2} and j = k. Replacing this expansion in (16), we have
Let γ 0 := max{γ 1 , γ 2 }. By Cauchy Schwartz inequality and (17), we have that the last term of (17) is smaller than
whereμ 0 denotes the first eigenvalue µ l of H (3) such that µ l > γ 0 . This last calculation proves that (16) tends to 0 and hence lemma 2. ⊔ ⊓
The operator Ω ± is unitary
We prove part 3) of theorem 1. To simplify notation we will denote W k,± := W ± (H k,ac , H 3 ) for k = 1, 2.
Proof:
It is enough to prove the proposition for f := abϕ and g := cdψ, because such functions are dense in L 2 ( IR 2 + ), and the bilinear forms in equation (18) are continuous. Since the wave operators W ± (H, H 3 ) are unitary we have
Next we will estimate the other terms that appear naturally when one calculate Ω ± (f ), Ω ± (g) L 2 (X,E) following definition (3).
Since W 1,± = lim t→∞ exp(±itH (1),ac ) exp(∓it(b 2 + H (3) )), we conclude:
The other terms are estimated similarly. ⊔ ⊓
Im(Ω
± ) is orthogonal to Im(W ± (H, H k,pp )) Proposition 3 Let a ∈ L 2 (Y × IR 2 + , E) and b ∈ L 2 (Z k × IR + , E). Then: Ω ± a, W ± (H, H k,pp )b L 2 (X,E) = 0.
Proof:
We use the notation j, k ∈ {1, 2} and j = k. Observe that:
The first term on the right side of the above equation, vanishes because is equal to
The last equality holds because exp(±itH k,ac )(
and these two terms are orthogonal.
For the second term in the right side of (19) we observe that in the proof of proposition 2 was shown that
Asymptotic clustering: a time dependent approach
In this section we prove asymptotic completeness (theorem 2) using a time dependent approach. We follow very near [HS00a] , and as in that paper our main tool will be the versions of the Mourre's inequality and the Yafaev functions (see section 5.2) for compatible Laplacians on c.m.w.c.2.
Mourre estimate for compatible Laplacians
First we state the Mourre's inequality that we will use to prove asymptotic completeness. They were used in [Can12] to prove absence of singular continuous spectrum of compatible Laplacians on c.m.w.c.2 and also to prove that the pure point spectrum of these operators accumulates only at thersholds. Let κ ∈ C ∞ ( IR + ) be such that κ(u) = 0 for u ≤ 2 and κ(u) = 1 for u > 3. Define
and this function extends naturally to X, abusing of the notation, we denote this new function by r 2 too. We extend κ 1 and κ 2 to X similarly. Define the first order differential operator A acting on C ∞ (X, E) by
We define the set of thresholds of H, τ (H), by
Let Σ := min τ (H), such minimum exists because H (1) , H (2) and H (3) are bounded from below (see [Hus05, Satz 1.27]) and hence the three sets on the right are discrete and with a minimum. For λ ∈ IR, define the number
The next theorem is our Mourre estimate on c.m.w.c.2.
Theorem 4 [Can12, theorem 5]Given λ ∈ IR and ε > 0, there exist I ∋ λ, an open interval, and K, an H-compact operator, such that
where E I (H) denotes the spectral projection of the operator H on the interval I ⊂ IR.
Graf-Yafaev functions
Consider the Schrödinger operators acting on L ( IR 2 ) by
where V i ∈ C ∞ ( IR 2 ), V i depends only of the variable u i and is compactly supported in this variable. Our Graf-Yafaev functions are constructed in analogy to the Graf-Yafaev functions of these Schrödinger operators following [HS00a] , [HS00b] and [Yaf93] . In this section we omit the proofs, because we consider that the analogy is direct once the Graf-Yafaev functions are constructed.
Given ǫ > 0, we take 2 ≤ ε 0 ≤ 3, 2ǫ 2 < ε i < 3ǫ 2 , and 2ǫ < ε i < 3ǫ for i = 1, 2. We call these ε := (ε 1 , ε 2 , ε 3 ) admissible ε ′ s. Define the set:
for i = 1, 2. These sets are analogous to those defined at [Yaf93, equation
Lemma 3 Let (y, u 1 , u 2 ) ∈ X 1 (ǫ) ∩ Y × [0, ∞) 2 and ǫ small enough, then
(1 + 3ǫ)u 2 < (1 + 2ǫ)u 1 and (1 + 3ǫ 2 ) | u |< (1 + 2ǫ)u 1 .
Let χ be the characteristic function of the interval [0, ∞). The functions g (1) , g (2) and g (3) defined below are analogous to the functions m (a) at [Yaf93, equation 3.9].
The next lemma is consequence of lemma 3.
Definition (23) is inspired by [Yaf93, definition 3.12]. The next lemma is easy to prove.
There is a similar formula for g (2) (x). For g (3) and g (0) we have: (24), (25) and (26) prove the following lemma.
Lemma 6 (cs. [Yaf93, lemma 3.6]) The functions g (i) ∈ C ∞ (X), for i = 0, 1, 2, 3.
Let us define the function
The next inequalities will be important in our description of the Graf-Yafaev functions. We observe that for ǫ small enough and ε admissible
Using (27), one can make the following sketch of g(x, ε) for an admissible ε. We define g, the regularization of the function g(x, ε), by taking the average on ε of g(x, ε).
Lemma 7 (cs. [Yaf93, page 538]) g satisfies the following properties:
is real homogeneous of degree 1 in the sense that:
and,
3) g(x) is convex in the sense that for x = (y,
4) There exists an small ǫ such that, if x ∈ X i (ǫ), then g(x) does not depend of u j , for i, j ∈ {1, 2}, i = j.
5) The functions g (i) 's are related with g by the equality:
Definition 3 We call Yafaev function to a function g satisfying properties 1),2), 4) and 5) of the above theorem.
According to the previous lemma, the functions g (i) are Yafaev functions, but they do not satisfy 3), any case they are bounded by suitable convex functions.
Lemma 8 (cs. [HS00a, lemma 7.4]) For each i ∈ {1, 2, 3} there exists a Yafaev function,g i , such that:
for all x ∈ X.
Propagation observables
All our propagation observables are derived from the following scaling of the Yafaev function g, defined for t > 0 and 0 < δ < 1,
We will be more precise about the value of δ later on.
Recall the definition of the functions κ i and r at the beginning of section 5.1 and recall that the function ϕ 0 defined above (23) has support in [2, 3] , from this fact we deduce
The next results about the derivatives of g t are the basis of forthcoming estimates of propagation observables.
t (x) ≤ C 1 t δ(1−|k|) and
t (x) ≤ C 2 t δ−l , for j = 1, 2, 3, and k 1 ≥ 1 or k 2 ≥ 1. Now we estimate the first Heissemberg derivative γ t of g t i.e.
Let us define p := i
. The next lemma shows that the asymptotic behavior of γ t is described by g ′′ t (x), it is a consequence of the previous lemma.
Lemma 10 (cs. [HS00a, equation (7.22)]) There exists 1 > δ > 1/3 such that
in form sense on W 1 (X, E), where g ′′ denotes the Hessian of g t , i.e.
Remark 2 Lemma 9 and the above theorem are true for δ > 1/3. We will use this fact in the proof of forthcoming results.
Proposition 5 The domain W 1 (X, E) ∩ Dom(r) is invariant under the action of e iHt .
Proof:
Let ϕ ∈ W 1 (X, E) ∩ Dom(r). Since e iHt and H 1/2 commute, e iHt ϕ ∈ W 1 (X, E), for all t ∈ IR. We have to show re iHt ϕ ∈ L 2 (X, E). Let χ n ∈ C ∞ c (X) be such that χ n (x) = 1 for x ∈ X n , and ∇(χ n ) and ∆(χ n ) is bounded uniformly (the bounds independents of n ∈ IN and x ∈ X). We have:
the last integral is finite since rϕ ∈ L 2 (X, E) by hypothesis, hence we can apply Lebesgue convergence theorem obtaining:
It is easy to prove that lim n→∞ X t 0 < e iHs [H, χ n r 2 ]e −iHs ϕ, ϕ > dsdvol(x) < ∞. ⊔ ⊓ We observe that W 1 (X, E) ∩ Dom(r) is a dense subspace of L 2 (X, E). The above proposition shows that γ(t) and g(t) are defined in the domain W 1 (X, E) ∩ Dom(r).
Theorem 6 (cs. [HS00a, theorem 7.6]) 1) The strong limits:
exist on W 1 (X, E) with respect to L 2 -norm.
2) γ + and γ + k have the following properties:
where the last strong limit is taken over W 1 (X, E) ∩ Dom(r) with respect to the norm || · || L 2 (X,E) (similarly for γ + k ). γ + and γ + k are independent of δ ∈ (1/3, 1). Moreover, we have:
where the strong limit is taken over W 1 (X, E) ∩ Dom(r), and where g(x) is the unscaled Graf-Yafaev function (similar role plays g (k) for γ + k ).
Propagation observables and Mourre estimate
Next we discuss the connection between γ + and the Mourre estimate enunciated in theorem 4. 
Lemma 11 (cs. [HS00a, lemma 7.7]) Let H I := E I (H) be the spectral subspace of H associated to a Mourre interval I. Then γ + 2 reduces to a strictly positive operator H I → H I . In particular H I ⊂ Ran(γ + ).
As a consequence of theorem 4 we have,
Corollary 1 (cs. [HS00a, page 3480]) The sum of eigenspaces E I (H), associated to Mourre intervals I, is a L 2 -dense set on the absolutely continuous part of H
Deift-Simon wave operators
The proof of the following theorem is almost the same as the proof of the existence of γ + and γ + k in theorem 6.
Theorem 7 (cs. [HS00a, page 3492]) For k = 1, 2, 3, the Deift-Simon wave operators,
exist, with respect to the L 2 -norm, on W 1 (X, E) for δ satisfying min(3δ, 2 − δ) < 1.
Proof of asymptotic clustering
In this section we prove asymptotic clustering that finishes the proof of theorem 2. We say that ψ ∈ L 2 ac (X, E) clusters asymptotically, if there exist ϕ k ∈ L 2 pp (Z k , E k ) ⊗ L 2 ( IR + ) for k = 1, 2 and ϕ 3 ∈ L 2 (Y × IR 2 + , E) such that equation (4) holds.
Let ψ ∈ E I (H) ∩ W 2 (X, E) for I a Mourre interval as defined in definition 4. By lemma 11 and theorem 6, we have
where ≈ means that the difference of the two related expressions vanishes in L 2 -norm as t → ∞. Theorem 7 implies
that with corollary 1 imply that the wave operators W ± (H k , H) exist, for k = 1, 2, 3.
Proposition 6 For all ψ ∈ L 2 ac (X, E) there exist ϕ k ∈ L 2 (Z k × IR + , E), for k = 1, 2, 3, such that
Proposition 6 is a kind of asymptotic completeness, however the sum of the wave operators W ± (H, H k ) (k = 1, 2, 3) is not a direct sum, since their images are not necessarily orthogonal. For k = 1, 2 and the ϕ k 's of (33), we have ϕ k = Π k,pp ϕ k + Π k,ac ϕ k , where Π k,pp and Π ac,d denote the orthogonal projection over the closed subspaces of L 2 (X, E), L 2 pp (Z k , E k ) ⊗ L 2 ( IR + ) and L 2 ac (Z k , E k ) ⊗ L 2 ( IR + ). It is easy to see that e ±itH k ϕ k = e ±itH k,pp Π k,pp ϕ k + e ±itH k,ac Π k,ac ϕ k . Proposition 7 and the previous calculation imply asymptotic clustering and hence theorem 2. Let us denote
to L 2 ac (X, E). We define the scattering operator
In a forthcoming paper, we plan to study how the scattering operator S encodes geometric information, particularly we would like to generalize the approach of [Mül96] to prove a signature formula that would be closely related with the formulas of [HMM97] .
